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1 Introduction

Most if not all statistical agencies calculate their CPI as a weighted arithmetic
mean of price relatives. Thus, formally, the aggregate price change between
reference month 0 and current month ¢ is defined as a weighted average of
price relatives

N N
> wa(ph,/p)) where > w, = 1. (1)
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The weights, ideally, reflect the importance of the various commodities in the
expenditure of the representative consumer. Since the processing of expendi-
ture data is a time-consuming undertaking, the most recent set of expenditure
shares usually refers to some year b prior to month 0,
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In order to get rid of the year b prices, these expenditure shares are price-
updated to month 0. Thus, the CPI weights are defined as

p (p /p )

n R nRo R (n=1,..,N). (3)
But this implies that the functional form of the CPI becomes that of a so-
called Lowe index:
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Here the prices of month ¢ are compared with those of month 0, using the
quantities of some year b prior to month 0.

Alternatively, one could contemplate using the period b expenditure shares
as weights. This would give a Young price index,
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The geometric analogue is
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which is known as a Cobb-Douglas price index.

Balk and Diewert (2003) considered the substitution bias of a Lowe CPI,;
see also CPI Manual (2004), Chapter 17. In this paper I consider a Cobb-
Douglas (or Geometric Young) CPI, and compare the two price indices with
respect to their substitution bias.

2 The basics

We consider a single consumer and assume that this consumer has a stable
preference ordering® over a set of commodities labelled 1, ..., N. Under suit-
able regularity conditions such an ordering can be represented by a utility
function U(z), that is a function such that U(z’) > U(z) if and only if the
consumer prefers the quantity vector a2’ over x. Quantity vectors x are non-
negative and it is assumed that U(x) is non-decreasing in the components of
x. A set {z|U(z) = u} for u € Range U(z) is called a standard of living.
Suppose that the consumer faces the positive price vector p. Then, neo-
classically, the consumer’s decision problem can be formulated as

minp - x subject to U(z) > u. (7)

This means that, given a certain utility level v and prices p, the consumer
minimizes the cost of achieving this level. The (Hicksian) quantities de-
manded, z(p, u), are obtained as solution of this minimization problem, and
their cost is

Clp,u) =p-x(p,u) =min{p-z | U(z) > u}. (8)

We call C'(p,u) the cost (or expenditure) function. Under suitable regularity
conditions this function is a dual representation of the consumer’s preference
ordering.? The cost function is nondecreasing in u, concave in p, and linearly
homogeneous in p. The last property means that

C(Ap,u) = AC(p,u) (A > 0). (9)

We now consider the price vectors p® and p' pertaining to periods or
situations 0 and 1 and we let u be some reference utility level. It is convenient
to think of period 0 as an earlier and period 1 as a later period.

!The case of changing preferences is considered in Balk (1989).
2See Diewert (1993).



The Koniis price index or cost of living index is defined by

K1 0 - — Cl',9)

P(p',p’iu) = Co ) (10)

This is the minimum cost of achieving utility level # when the prices are

p! relative to the minimum cost of achieving this level when the prices are

p°. The cost of living index PX (p', p% @) thus conditions on the standard of
living given by .

We assume that the consumer acts cost-minimizing in periods 0 and 13;

that is, for the observed price and quantity vectors we assume that z° =

2(p°, U(2°)) and z' = z(p*, U(x')), so that

p’ a2’ =Cp",U")) (11)
and

p'-at = O, U"). (12)
Using definition (8) we then obtain

Clp U@") <p' -’ (13)
and

CR’U")) <p°- o, (14)

Combining (11), (12) with (13), (14) and using definition (10), we obtain the
following bounds for two cost of living index numbers

K(1 0., 0 pt-af Ll .1 .0 0
P(p,p;u)épo_xOEP(p,w,p,x) (15)

K101y P T P11 .0 0
P (p ,p;U)zpo_xlzP (' 2, p",2”), (16)
where ' = U(a') (t = 0,1). These are the famous Laspeyres-Paasche

bounds. Notice that they cannot be combined into a single equation, be-
cause of the different reference utility levels employed.

3This is frequently called ‘rational behaviour’. On the limitations of this concept of
rationality see Sen (1977).



If the utility function is linearly homogeneous, that is U(Az) = AU(x)
(A > 0), then C(p,u) = uC(p,1), and PX(.) becomes independent of the
reference utility level 7. In this case

PP (pt,at,p’,2%) < PR (p',p%a) < PE(p', 2t p°, %) (17)
for any u. However, the assumption of linear homogeneity is a very restrictive
one. It is equivalent to expenditure proportionality, which means that if

we increase the consumer’s budget by a certain factor, all the quantities
consumed will increase by the same factor.

3 Lowe and CD price indices

Consider a third period b with observed prices p® and quantities 2°. Again,
it is convenient but not necessary to think of period b as preceding period 0.
The Lowe price index, comparing period 1 to period 0, is then defined by

Pt
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P (p7p7x):p0‘xb'

(18)

Note that when b = 0, the Lowe index reduces to the Laspeyres index. For
b =1 the Lowe index reduces to the Paasche index.

The observed expenditure shares of period b are sb = pbal /pb - 2° (n =
1,..., N). Then the Cobb-Douglas or Geometric Young price index, for period
1 relative to period 0, is defined by

N
PP(p',p"% 8" = H (ph/P9)™ (19)

Note that the expenditure shares add up to 1, 3 | s® = 1, so that PP(.) is
a weighted geometric mean of price 1relatlves.5 For b = 0, the Cobb-Douglas
index reduces to the Geometric Laspeyres index. For b = 1 the Cobb-Douglas
index reduces to the Geometric Paasche index.

Before proceeding to the discussion of their substitution bias, that is, the
relation of these two price indices to some cost of living index PX(p!, p°; u),

4This requires the utility function to be positive. However, since the utility function
is determined up to a monotonic transformation, there is no lack of generality to assume
this to be the case.

5The Young price index, dating back to 1812, is the arithmetic analogue.



it is interesting to consider their mutual relation. Define the hybrid period 0
prices period b quantities expenditure shares by

L N, (20)

The Lowe price index can then be written as a weighted arithmetic mean

N
Pr(pt pa’) = 37 s (0 /1h). (21)

n=1

Using the logarithmic mean®, it then appears that the logarithm of the Lowe
price index can be written as

N ObL PLO 1 ,0.,.b 1/,,0
IDPLO(pl,pO;ZL‘b) — Z ]\‘fn O(b (? 7p17x0)7fn/pln) S
n=1 En:l Sn L<P O(p y D73 X )7pn/pn)

The logarithm of the Cobb-Douglas price index is

In(p,,/py).  (22)

N
In PP (ph,p% ") = >~ 85 In(py/p7)- (23)
n=1

Subtracting (23) from (22) and making use of the linear homogeneity prop-
erty of the logmean we obtain

In P*(p', p% 2°) —In PEP(p', p°; s") =

LA ard N\ ph/P0 (24)
S — Y — n
2o\ S, PO, 7))

n=1

where al% = L(PLo(p', p° 2®)p® /pb, pl/pP) (n = 1,...,N) are price-update
factors. The right-hand side of expression (24) has the structure of a weighted
covariance, namely between relative price-update factors and relative price
changes. Going from period b to period 1 the expenditure shares s® are

price-updated by the factors al%. The relative price-update factors are then

6The logarithmic mean of any two strictly positive real numbers a and b is defined by
L(a,b) = (a — b)/In(a/b) if a # b and L(a,a) = a. It has the following properties: (1)
min(a,b) < L(a,b) < max(a,b); (2) L(a,b) is continuous; (3) L(Aa, Ab) = AL(a,b) (A > 0);
(4) L(a,b) = L(b,a); (5) (ab)'/? < L(a,b) < (a +b)/2; (6) L(a, 1) is concave.



al /SN sl their weighted mean being equal to 1. The covariance is
then between these factors, covering the time span from period b to 1, and
relative price changes, covering the time span from period 0 to 1. When
the time interval [b,0] is short relative to [0, 1] this covariance is positive.
Without empirical material, however, not much can be said about the sign
of the covariance, and hence about the relative position of the Lowe and the
Cobb-Douglas price indices.

4 Substitution bias of the Lowe price index

For defining the substitution bias of a price index we must pick the cost
of living index that is to serve as our target. Since the Lowe price index
PLo(pt p°; 2%) conditions on the quantity Vector 2% it is natural to compare
this index to the cost of living index PK (p*, p° U(2?)) which conditions on
the standard of living represented by x®. Thus, the substitution bias of the
Lowe price index is here defined as the dlfference

Propt, p%a”) = PR (p',p% ) (25)
where u® = U(z?). Balk and Diewert (2003) employed second-order Taylor
series approximations to explore the substitution bias. Instead of repeat-

ing this, I am using here their exact counterparts.” The first concerns the
numerator of the cost of living index and reads

Clp' )
ol 80
= C(p°u —l—z ) jo

+(1/2) 2_: 2_: m(pi —2) (P — P20)

apnapn’

—p?)

NNaQ

zipi +(1/2)3 > pu) g

by/ 1 b
= Pn) (D — Dyt )s 26
22 g ) ), (26)

where p* € [p®,p!]. The expression after the second equality sign was ob-

"Following the suggestion of a referee of the earlier paper.



tained by using Shephard’s Lemma® and the assumption that the consumer
acts cost minimizing in period b, that is, * = z(p®, u®) and therefore
p’ -’ =Cp",U("). (27)

Likewise, the second expression concerns the denominator of the cost of living
index and reads

C(po,ub)
_ h+3 W) g o)
+(1/2) g E_: Tow” apn >( o —0) (P — P

————(py — Po) (Y — ), (28)

where p** € [p®,p°]. Substituting (26) and (28) into PL°(p!, p°; °) delivers
the following expression for the relative substitution bias:

Pro(p', s a’) — PR (p',p%u’)
PE(pt, p; ub) N

1 Lo/, 1 .0 b S
C(pl»Ub)<P (', p%2%)(1/2) > >

P2 =22 — %)

Plo(pt, p% 2) > PE(p', p% u?) if and only if

8When C(p,u) is twice continuously differentiable in p Shephard’s Lemma says that
0C(p,u)/Opn = xn(p,u) (n =1,...,N). Hence, > p,0C(p,u)/Opn = ), PnTn(p,u) =
C(p,u) and Y, pnd*C(p,u)/OpnOpy = 0 (n' = 1,...,N). Since C(p,u) is concave in
p, the square matrix of second-order partial derivatives 0%C(p,u)/0p,Op, is negative
semidefinite.



N N 520 b) )
N N 320( ub)
—Pre @, p%a Z Z “apdp PP = pr)- (30)
Notice that the concavity of C(p, u) implies that — =2 SN 628%%;’5) (P —
%) (pL, —pb,) is positive. This expression can be interpreted as a squared dis-
tance between the price vectors p' and p?; likewise, — SN SN %( 0—

°)(p%, —pb,) is positive and can be interpreted as a squared distance between
the price vectors p° and p°, using a (slightly) different metric.” Thus, the
substitution bias of the Lowe price index is positive if and only if the distance
between p' and p® is greater than the distance between p° and p® multiplied

by the square root of the aggregate price change between the periods 0 and
1.

5 Substitution bias of the Cobb-Douglas price
index

The relative substitution bias of the Cobb-Douglas price index is defined as
the difference

In PP (p', p% s*) —In PX (p', p°; ) (31)
where u® = U(x%). For the logarithm of the numerator of the cost of living
index we obtain the following second-order Taylor series expression:

In C’(pl, ub)
N b b

n=1

(1/2)2 Z_ 0 InC(p*,u’)

0ln p,01np,,

Inp: —Inp?
alnp, (Inp, —Inp))

(Inp,, —Inpy,)(Inpy —Inp})

9For two random column vectors a and b from the same distribution with covariance
matrix S the Mahalanobis distance is defined as [(a — b)T S~ (a — b)]'/2.
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= lnC’p u Z lnpn/pn
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0?In C(p*, ub)

1 , ’ l 1/ b/ 2
Tlnp.dlnp, DPa/Pu) 0Py /pr), (32)

where p* € [p®,p!]. The expression after the second equality sign was ob-
tained by using Shephard’s Lemma and the assumption that the consumer
acts cost minimizing in period b. Similarly, for the denominator we obtain

In C’(po, ub)

Y ol C(p
= InC(p° u’) +ZW

n=1

L(1/2) ZZ@ZIHC u®)

nln’l

= WO, ub) + Z sh In(py /ph)

n=1

"‘(1/2)2 Z_ 9?In C'(p**, u?)

dlnp,0 lnpn

(Inp) —Inph)

Inp® — Inp?)(Inp? — Inp?,
8lnpnalnpn<npn np,)(Inp, —Inp,,)

In(p) /pb) In(py /0%). (33)

where p** € [p®, p°]. Subtracting (33) from (32) and applying the definitions
of the Koniis and Cobb-Douglas price indices we obtain

In PP (p!, p%; s*) — In PE(p*, p°; ub) =

)y y IRl )

== Olnp,0 ln Dr

—(1/2) ivz % 0% In O (p*, ub)

n=1n/—1 Oln pn6 In D

In(p /p2) In(pl, /p%)

In(p), /p5) In(py /Py (34)
Hence,

PP (p', p% %) > PX(p', p%; ) if and only if

_il f: 9% In C(p*, u’)

In(py,/pb) In(p,y /%)
= 0 lnpnﬁlnpn
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_iiaﬂnc u®)

n=1n'=1

In(p) /pb) In(py, /%) (35)

0lnp,0 lnpn

Expression (35) looks starkly like (30). The two factors can also be inter-
preted as distance measures, albeit that the matrices of second-order partial
derivatives are not necessarily negative semidefinite.

6 Comparison

The relative substitution bias of the Lowe price index is given by expression
(29) and that of the Cobb-Douglas price index by (34). It is not possible
to compare these expressions without making some assumptions. To start
with, consider the second-order partial derivatives 9 In C'(p, u)/01n p,0 In p,
(n,n’ =1,...,N). Straightforward computation delivers

*InC(p,u)
Olnp,0lnp,
PnPn 82C<pa U) .
C(p,u) OppOpw
where s,(p,u) = ppan(p,u)/C(p,u) (n=1,...,N) and 6,,y = 1 if n =n’ and
Onns = 0 otherwise. Applying this to the first factor at the right-hand side of
the equality sign in (34) delivers

Sn(p7 u)sn,(p7 u) + 6nn’sn(p7 u) (n7 n, = 17 "'7N>7

InC(p™, ub)
lnpn(?lnp

>y Y In(p/21) In(3% /) =

n=1n'=1

In(p) /ph) In(py, /o)

N ok ) koK 020( Ub)
n=1n/=1 (p**v ub) OpnOpy
N

S 2_: Cpn Py
_ ( _15n(p u?) In(p? /pb) ) + Z Su(p™, u (hl(pn/pn))

N N 82 ub)
T Cp u” nzlnzl 3pn8pn
+ Var(ln(pn/pn))

1

= WA + var(In(p) /py,)), (37)

() =) (0 — b))
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where

Var(ln(pﬁ/pi)) =

Sl o) (m800)° — (L s o m/sh)) )

n=1

is the variance of the relative price changes between periods b and 0, and

is a temporary shorthand notation. Similarly, for the second factor at the
right-hand side of the equality sign in (34) we obtain

————(py — Po) (P — Pb) (39)

NN 92 C(p,ub
2> mnpémp) I (pp,/p) (o /1) =

NNa2

ZZ pu)1

b 1 b
_pn pn’_pn’
p ub n=1n'=1 apnapn’ >( )

+ var(In(p,,/p}))
1 1 b
= WB + var(In(p,,/py,)), (40)
where
Var(ln(pi/pi)) =
Z (ln(pn/l?n)) - (Zl sn(p*, uP) ln(p,ll/pz)> (41)

is the variance of the relative price changes between periods b and 1, and

B = Z ) T, w) (P, — 1) (P = D) (42)

=1n'=1 apnapn’

is also a temporary shorthand notation.
Substituting these two results into (34) we obtain for the relative substi-
tution bias of the Cobb-Douglas price index the following expression

12



In PYP(p',p" s") — In PR (p', p% u”) = (43)
12 (C@p*u’) 1 1 0
Clor ) (C(p**7 A B) — 5 (var(in(p,/p7)) = var(in(p; /5}))

The relative substitution bias of the Lowe price index was given in expression
(29). Substituting A and B yields

pro(pl,p% a") — PE(p!, pu’)
P (p!, p u) N

1/2 Los, 1 0., o

These two expressions make a comparison of the relative biases possible.
Suppose that on average prices are monotonicly increasing between period
b and 1. Then —B, measuring the price distance between periods b and 1,
is positive and greater than —A which is also positive, measuring the price
distance between periods b and 0. Then

—A -B —A -B

- - 45
Clp= ) Clp,ub) ~proab Ol ) (45)
because C(p**, ub) > C(p®, u’) = p® - 2° and C(p*,u®) < C(p',u®). Now
—_A 1 ,b6\,,1.,b —A
_Clhw)p - (46)

pb b ploab pbzb Opt,ub)’
of which the first right-hand side factor is less than or equal to 1 but the

second is greater than p' - 2°/p° - 2°. Combining these two expressions we
obtain as result

-A  -B o pt -zt —A B (47)
C(p**7 ub) C(p*v ub) p() : ‘Tb C(plv ub) C(pla ub) 7
or
1/2 C(p*,ub) 1/2 Lo/ 1 0. b
A—B -t (P"° 2 YA—-—B). (4
o D) <O<p**,ub> =< G (P A = B)
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Expression (43), however, contains an additional factor. Under increasing
prices it is likely that var(In(pl/p%)) > var(In(p®/p®)), which makes this
factor negative. On balance, it is likely that this factor has also more effect
which implies that

PLo(pt, p ab) — PE(pt, p0; ul)
PR 17 0)

that is, the relative substitution bias of the Cobb-Douglas is less than the

relative substitution bias of the Lowe price index.

In PP (p', p% s") —In PR (p', p% u) <

; (49)

7 Empirical evidence

Greenlees (1998) compared the Lowe price index!'® PLo(pt, p'=1: 2°) with the
Fisher price index

(50)

_ 1/2
ptoat~l pt.gt /
pt=1 . gt=1pt=1. gt :

PF(pt,:L"t,pt_l, l’t_l) = (

Assuming linear homogeneity of the utility function, this price index differ-
entially approximates the cost of living index P (pt,p'=1; %) to the second
order, for any utility level @; thus in particular for u®.

Greenlees ran a simple regression

In PY(p!,p' s a) —In PP (p', ' p 1 2" = a+B(t—b)+e(b < t—1) (51)

on two slightly different sets of detailed annual price index and expenditure
data for 1986-1995 and 1982-1995. The constant o appeared to be signific-
cantly positive, and of the order of 0.1 percent. The evidence on 3, however,
turned out to be inconclusive. Greenlees’ conclusion was that “There is no
definitive evidence that substitution bias increases over time with the age of
the market basket.”

My second piece of evidence uses a set of building blocks for the official Danish
CPI.'! The data set concerns 444 elementary aggregates. I used annual price

10Greenlees talks about Laspeyres index numbers, but he considers ratios of Laspeyres
index numbers, which are Lowe index numbers.

1 The data are by courtesy of Carsten Boldsen Hansen and the computations by courtesy
of Jan de Haan.
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index numbers ( = arithmetic means of monthly index numbers) from 1996
to 2006, and expenditure shares for the years 1996, 1999, and 2003. Lowe and
Cobb-Douglas price index numbers for year t = 2000, ..., 2006 relative to year
0 = 1999 are calculated for three weight-reference years b = 1996, 1999, 2003.
The results are contained in Table 1. Recall that the Lowe and Cobb-Douglas
index with 1999 as weight-reference year are identical to the Laspeyres and
the Geometric Laspeyres index respectively. That the entries in the column
‘Lo(99)” are greater than those in the column ‘CD(99)’ should therefore come
as no surprise.

Table 1: Lowe and Cobb-Douglas index numbers (1999 = 100)

Year Lo(96) CD(96) Lo(99) CD(99) Lo(03) CD(03)
1999 100.00 100.00 100.00 100.00 100.00 100.00
2000 102.99 102.74 103.00 102.85 102.54 102.81
2001 105.50 105.02 105.53 105.23 104.78 105.27
2002 108.16 10743 108.37 107.83 107.30 107.97
2003 110.51 109.55 110.74 109.96 109.40 110.16
2004 112.15 110.68 112.23 111.05 110.62 111.25
2005 114.48 11235 11447 112.75 112,66 113.01
2006 116.83 114.18 116.79 114.58 114.79 114.85

It turns out that also for the weight-reference year 1996 the Lowe price
index numbers are greater than their Cobb-Douglas counterparts. For the
weight-reference year 2003, however, the order appears to be reversed. Fur-
ther, a more recent weight-reference year leads to greater Cobb-Douglas index
numbers. For the Lowe index numbers the evidence is mixed.
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