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8 Index Calculation

8.1 Introduction

This chapter details the minimum standards for index calculation methods that are
appropriate to fulfil the HICP legal framework. For discussions of alternatives and
motivations behind choices made, the reader is referred to the specialist literature, such
as ILO et al (2004), v.d. Lippe (2001, 2007) and Balk (2008). A non-specialist
introduction is provided by Ralph et al. (2015). Generic mathematical formulae are
given to specify the principles and to provide an unambiguous base for the
implementation in computer programming. In the Appendix a numeric example is
provided that illustrates the entire index theory covered in this chapter.

The chapter starts in Section 8.2 with the higher-level indices, defining the HICP as a
“Laspeyres-type index”. Statistically, household expenditures are organised like an
inverse tree, descending from the total to more and more detailed aggregates. There is
always some level below which no or insufficient information is available for a further
breakdown. This is the level of the elementary aggregates discussed in Section 8.3.

Section 8.4 continues by describing and explaining annual chain-linking, i.e. constructing
longer time series. Annual chain-linking has the advantage of allowing the weights, the
sample of products, and sample of outlets to be updated at each link, thus ensuring that
the HICP is as representative of current consumers’ expenditure pattern as possible. The
calculation of monthly and annual rates of change follows in Section 8.5.

8.2  Higher-level indices

8.2.1 Legal obligations

The Framework Regulation! states in Article 3 (2) that “The harmonised indices shall be
annually chain-linked Laspeyres-type indices.” The latter term is defined in Article 2
(14) as follows:

‘Laspeyres-type index’ means the price index that measures the average
change in prices from the price reference period to a comparison period
using expenditure shares from a period prior to the price reference

1 Regulation (EU) 2016/792 of the European Parliament and of the Council.



period, and where the expenditure shares are adjusted to reflect the
prices of the price reference period.

A ‘Laspeyres-type index’ is defined as:
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The price of a product is denoted by p, the price reference period is
denoted by 0, and the comparison period is denoted by t. Weights (w)
are expenditure shares of a period (b) prior to the price reference period,
and are adjusted to reflect the prices of the price reference period 0.

Further, the following definitions apply:

e According to Article 2 (16), the ‘price reference period’ (0) means the period to
which the price of the comparison period is compared; for monthly indices, the
price reference period is December of the previous year.

e The ‘comparison period’ (t) means the period for which the index is calculated.

e From Article 3 (1) of Commission Regulation (EU) No 1114/2010 it follows that
‘weight reference period’ (b) means the previous calendar year.2

8.2.2 The HICP concept

Conceptually an HICP, at any ECOICOP level, is designed as a Laspeyres-type index. What
does this mean?

Consider a set of N products with prices p{ and quantities g{ (i = 1, ..., N) for any time
period 7 considered. Then, the short-term3 Laspeyres index with annual weights* for
monthm =1, ...,12 of current year t, mt being the comparison period, relative to
December of the preceding year t — 1, which is the price reference periods, is given by®
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where the year t — 1 is the weight reference period.”

It is important to realise that in the construction of the HICP, the month of December
plays a double role: the month sometimes acts as comparison period, but always acts as
price reference period. To distinguish clearly between these two roles, and to avoid
complications, the notation is chosen as in Equation (8.1). Thus, being in year t and
occurring in the numerator of Equation (8.1), December is labelled as m = 12, whereas
being in year t — 1 but occurring in the denominator of Equation (8.1) December is

2 This is what is meant by “period prior to the price reference period” in Article 2 (14). Though
following Article 3 (2) the year before the previous calendar year is in general the weights data
source, this should not be mistaken for the weight reference period.

3 “Short-term” here denotes the index relative to the price reference period rather than a month-
on-month index.

41t is because of the annual weights for a monthly index that this exposition deviates from the
standard textbook definition of the Laspeyres (price) index.

5 In this chapter denoted as month 0 of year t.

6 For reasons of presentation the index numbers are usually multiplied by 100.

7The price reference period Ot has been labelled “0” in the Framework Regulation, the
comparison mt has been labelled “t”, and the weight reference period t — 1 has been labelled “b”.



labelled as month m = 0 of year t. Put otherwise, each year t is considered as consisting
of 13 months, running from December of year t — 1 to December of year t.

The weight reference period, used for the computation of the price indices for all the
months of year t, is year t — 1 as this is the most recent calendar year. However, these
expenditure shares are generally not yet available with sufficient accuracy early in year
t when they are required for the first index number computation. Again, Regulation
1114/2010 stipulates that Member States shall

e produce HICPs using sub-index weights which reflect the consumers’
expenditure pattern in the weight reference period and aim to be as
representative as possible for consumers’ expenditure patterns in the previous
calendar year (Article 3 (1));

e therefore review and update HICP sub-index weights taking into account
preliminary national accounts data on consumption patterns of yeart — 2
(Article 3 (2));

e review annually whether or not there have been any important and sustained
market developments affecting quantities in the sub-divisions of the HICP,
between period t — 2 and period t — 1, in order to estimate weights that are as
up-to-date as possible (Article 3 (4)).

In any case,

e HICP weights shall be price-updated to prices of the preceding December
(Article 3 (5)).

Therefore, the usual strategy (see Chapter 3) is

1. to make the best estimate of consumers’ expenditure patterns in the weight
reference period yeart —1 based on preliminary national accounts data on
consumption patterns of year t — 2, and

2. to execute price-updating reflecting the prices of the price reference period 0t.

The thus derived weights are denoted by int't_l. Then, the Laspeyres-type index can be
written as a weighted arithmetic mean of price relatives of products,
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with weights adding up to unity. The difference between the Laspeyres index of
Equation (8.1) and the Laspeyres-type index of Equation (8.2), consequently, lies in the
weights.

Equation (8.2) corresponds to the expression in Article 2 (14) of the Framework
Regulation. The target is to compare the prices of the current month to December of the
previous year, based on annual expenditure weights from the previous calendar year.
The question addressed in what follows is which estimate of the weights in the weight
reference period should be used for a Laspeyres-type index.

8.2.3 Deriving the weights

The weights int't_l do not correspond to observable expenditure shares, as they
depend on prices from the price reference period and quantities from a period prior to



the price reference period. They are called mixed-period weights. They can be derived
from the observed?® annual expenditures shares of year t — 2
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in two ways.

Option 1 just uses v/ ™% as the best approximation for the true but unknown weight
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In option 2 the expenditure shares are inflated by the price change between year t — 2
and year t — 1:

t—1
t-2 . Db
V; =7 t—-1, ,t—2
-1 . - o (i -qf7?)
Wi = t-1 = §WN t—1, t-2Y (8.3b)

p} \ =1, gt
N =2, J=1(p] qj

Jj=17j p]t-_2

If goods and services are substitutes at such a rate that the expenditure on one product
relative to another one is independent of the relative prices (Cobb-Douglas preferences),
option 1 is the preferred approach. If goods and services are perfect complements, i.e.
there is no substitutability between them and they are consumed in fixed proportions
(Leontief preferences), the best approximation is the price-updated weight of option 2.
Of course, the degree of substitutability may vary across products and the choice of
either of the two options is not a trivial task.?

On this basis the price-updating of the weights to December t — 1, the price reference
period, should be carried out as follows:10

w; — (8.4)

where the (theoretical) expression using prices and quantities depends on whether
Equation (8.3a) or Equation (8.3b) is used to estimate wf ™. If the expression based on
Equation (8.3a) is substituted in Equation (8.2), the resulting formula is known as the
Young index.!! Equation (8.3b) instead yields the Lowe index.

8 The brackets indicate that only the product of price times quantity can be observed but neither
prices nor quantities separately.

9 Which of the two options performs better in practice can retrospectively be evaluated by
comparing their outcomes to the one of using actual t — 1 expenditures shares available later.

10 [n practice, price-updating may be executed at a higher aggregation level involving indices
rather individual prices.

11 Under homogeneous Cobb-Douglas preferences the Young index coincides with the Laspeyres
index because expenditure shares remain constant. Yet, it should be borne in mind that the HICP
is designed to assess price stability and it is not intended to be a cost of living index (see Recital
(12) of the Framework Regulation).



When the correlation between expenditures and relative prices is negative, as it is
usually the case, the Lowe index will tend to exceed the Laspeyres index. However, it is
more difficult to generalise about the relationship between the Young index and the
Laspeyres index. The Young could be greater or less than the Laspeyres depending on
how sensitive the expenditures are to changes in relative prices.

8.2.4 Consistency in aggregation

A feature of the Laspeyres-type index is its consistency in aggregation. Suppose that the
set of all products N is divided into mutually disjoint subsets N, (h = 1, ..., H). Then, the
following is true:
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Thus, the overall Laspeyres-type index is a weighted arithmetic mean of the Laspeyres-
type indices for the subsets of products, defined as
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are the mixed-period expenditure shares of the subsets. Put otherwise, the overall
Laspeyres-type index can be calculated in one stage from the product price relatives, as
in Equation (8.2), or in two stages, as in Equation (8.5): from product price relatives to
subset Laspeyres-type indices and then from these subset indices to the overall index.
For statistical practice this is a very useful feature.

The geographical aggregation to the euro area and European Union works in the same
way, where h then denotes Member States rather than subsets of products (see Chapter
11).

8.2.5 Higher-level compilation

In practice, the higher-level index compilation is based on product categories at
ECOICOP and lower levels (elementary product groups and elementary aggregates).
Correspondingly, price relatives are replaced by price indices for these categories (“sub-
indices”). Equations (8.2) and (8.4) make clear that quantity data are not required. What
is needed are estimates of the expenditure shares for the weight reference period, sub-
indices for price-updating those shares, and sub-indices for the comparison month
relative to the price reference period. The indices allowed for elementary aggregation
are the topic of Section 8.3.



8.3 Indices for elementary aggregates

8.3.1 Legal obligations

Commission Regulation (EC) No 1749/96 states in Article 7 that “HICPs shall be
compiled using either of the two formulae given in paragraph 1 of Annex II to this
Regulation or an alternative comparable formula which does not result in an index
which differs systematically from an index compiled by either of the given formulae by
more than one tenth of one percentage point on average over one year against the
previous year.” Said Annex defines the formulae to be used in compiling elementary
aggregates:12

1. When compiling price indices for elementary aggregates either the
ratio of arithmetic mean prices
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where p! is the current price, p° the reference price and N the number of
such prices in the elementary aggregate, shall be used. An alternative

formula may be used provided that it fulfils the comparability
requirement laid down in Article 7.

2. The arithmetic mean of price relatives
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should not normally be used, as it will in many circumstances result in
failure to meet the comparability requirement. It may be used

exceptionally where it can be shown not to fail the comparability
requirement.

According to this Regulation, the arithmetic mean of price relatives must not be used
where chaining is more frequent than annual. The de facto ban on this index in
paragraph 2 (comparability requirement) is for good reasons; the underlying
phenomenon is that it does not satisfy the circularity (transitivity) test.13 This failure
implies an indefinite bias, which in practice may show up as chain drift:14

12 Notice that the notation in this quote is adapted to fit the notation used in the Framework
Regulation.

13 The test asks that the chain-linked index defined as the product of the short-term index going
from period 0 to 1 times the short-term index going from period 1 to 2 should equal the direct
index that compares the prices of period 2 with those of period 0.

14 This bias would only be definitely upward, i.e. the chain-linked index greater than the direct
index and the covariance negative, if p> = p°. However, this claim in the literature uses the
special case of the so-called time reversal test as an argument, which is known as the country
reversal test in interspatial comparisons.
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8.3.2 Index theory and practice

Each 5-digit ECOICOP expenditure category is usually built up from subsets, called
elementary product groups, and these in turn are built up from elementary aggregates.15

Thus, practical HICPs are constructed in two stages:

1. a first stage at the lowest level of aggregation where price information is
available but associated expenditure information is not available, and

2. a second stage of aggregation where expenditure information is available at a
higher level of aggregation.

The aggregates that pertain to the first stage of aggregation are called elementary
aggregates. Article 2 of the abovementioned Regulation 1749/96 provides the following
definitions:

(i) ‘Elementary aggregate index’ is a price index for an elementary
aggregate comprising only price data.

(j) ‘Elementary aggregate’ refers to the expenditure or consumption
covered by the most detailed level of stratification of the HICP and
within which reliable expenditure information is not available for
weighting purposes.

Two-stage aggregation implies losing consistency in aggregation at the lower level since
a Laspeyres-type index cannot be calculated in the first step of the process but an

elementary aggregate index PiOt'mt is used instead:
N
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wherei = 1, ..., N from now on denotes elementary aggregates rather than individual
products.

Although, due to new and disappearing products, the set of products available for
sampling generally varies from month to month, for the ease of exposition the
presentation here is restricted to matched-model indices, i.e. it is assumed that there are
no missing observations and no changes in the quality of the products sampled so that
the sets of prices are perfectly matched.

Thus, consider an elementary aggregate with a set of K common products in any time
period considered. For measuring the price change of an elementary aggregate many
formulae have been proposed in the literature, of which the Dutot and Jevons index are
preferred.

. l K mt
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15 Elementary product groups are sets of products that are sampled in order to represent one or
more consumption segments in the HICP (see Chapter 4).
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If the samples remain unchanged throughout the year, as it is assumed here, then the
chain-linked Dutot and Jevons index reduce to the respective direct indices. For example
using the ratio of arithmetic means:16
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CP[?tmt becomes the simple ratio of arithmetic means P, (or similarly with the
geometric formula described above). Hence, the index for an elementary aggregate may
be calculated as a chain-linked month-on-month index using one of the above two
preferred formulae. However, if the set of products available for sampling varies from
month to month, using monthly chain-linking and replenishment is not a preferred
method in many situations.!’

The chain-linked Carli index would have provided the following elementary aggregate
index:

CpOtmt = potit. pltat, ."_Pc(m—l)t,mt
_<1ipif>_<1ip£f>_ <1i ) 1i poeme, (B14)
C\K&nt) \K&pit) T \K&pmht ) T K L '
CPY“™ does not reduce to a direct Carli index PY*™ if the samples do not change.

8.3.3 Compilation issues

There has been much research effort spent on finding the best index for an elementary
aggregate, and quite a lot is known about the behaviour of the various proposals under
various assumptions, but only a small number of hard facts have been established.
Expanding P]Ot'mt by a second-order Taylor series approximation around the arithmetic

mean prices pyt = p°" and p* = p™* for allk = 1,...,K (K being sufficiently large), it

16 Where misunderstanding is possible, here and in the sequel, months and years, such asm — 1
or t — 1, are put within brackets.

17 Indeed, Chapter 6 gives details how appropriate replacements and quality adjustments keep
the samples basically unchanged throughout the year. This is particularly important when
products disappear on discount since chain-linking only matched products then introduces a
severe downward drift.



can be verified that the difference between the Dutot and the Jevons index depends on
the change over time of the squared coefficient of variation of individual prices:
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Likewise, expanding Py*™" around the geometric mean prices Inp2t = Inp° and

Inp™ = Inp™, the following second-order approximate relationship is obtained:
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However, whether the difference between the Dutot and Jevons index is positive or
negative, large or small, is an empirical matter. Still, Silver and Heravi (2007, ].
Econometrics) show that this difference depends on the change over time in price
dispersion. Some of the price dispersion will be due to product heterogeneity.

The Dutot index has the drawback of tending to primarily reflect the price development
of products at relatively high prices. This can be seen as follows. Consider again
Equation (8.10),
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It appears that the Dutot index can be written as a weighted arithmetic mean of
individual price relatives, its weights being relative prices in the price reference period.
Products with higher relative prices get a higher weight, and products with lower
relative prices get a lower weight in the Dutot index. Thus, it is advised to use the Dutot
index only for elementary aggregates in which the relative prices exhibit small variance,
i.e. the price levels are similar.

A quick glance at the formula of the Jevons index, Equation (8.11), reveals that it is not a
linear index. Despite this, a linear approximation to the Jevons index yields the BMW
index and “weights” square root of the inverse price relatives:18
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Thus, this index is more robust with respect to the variance of relative prices within an
elementary aggregate.

P}Ot,mt (8.113)

There are two final important tests that should be added to the circularity (transitivity)
test above. The first one is the commensurability test, i.e. if the units of measurement for
each product are changed, then the elementary aggregate index remains unchanged. The
Dutot index P[?t’mt fails the commensurability test since the price levels are affected by
the measurement unit. If there are heterogeneous products in the elementary aggregate,

18 See Mehrhoff, in: v.d. Lippe (2007); Balk (2008) independently described this index as the
equally weighted Walsh index. Because it is a linear index, it can directly be compared to other
linear indices such as Dutot or Laspeyres(-type) using a theorem of v. Bortkiewicz. It should be
noted that the approximation is exact when the number of products is not greater than two.



this is a rather serious failure and, hence, price statisticians should be careful in using
this index under these conditions. The other one is the test of determinateness as to
prices, i.e. if any single price tends to zero, then the index should not tend to zero or plus
infinity. It can be verified that the Jevons index does not satisfy this test. Thus, when
using the Jevons index PJOt’mt, care must be taken to bound the prices away from zero in

order to avoid a meaningless index number value (see Section 7.5).

8.4  Annual chain-linking

8.4.1 December as the linking month

The Laspeyres-type index defined by Equation (8.2) compares prices of month m of year
t to December of the preceding year, t — 1. When t moves through time, there is for
each year a series of 13 index numbers, running from December of year t — 1 (its index
number being equal to 100) to December of year ¢.19

Now these separate 13-month series can be chain-linked together into a single long-
term series, which compares month m of year t to some earlier period. The HICP uses
thereby December as the linking month (see Chart). The annually chain-linked
Laspeyres-type index

cpbmt — (Pb,12(0) L pOM2(M) | | pO(t-2)12(t-2) PO(t—l),lZ(t—l)) . potmt

— cpP12-1)  potmt (8.17)

compares month m of year t with a certain year b.20 Recall that month 0 of any year 7 is
the same as month 12 of year t — 1. Notice that, in principle, each short-term index of
this chain-linked series employs a different weight reference period and the set of
products may vary through time as some disappear from the market and others enter
the market. In this case year b, used in the initial link of the long-term series, is the index
reference period.2!

19 Changes in the production methods could be incorporated each December. One should be
certain, however, that such changes do not affect significantly the structural characteristics of the
entire series of index numbers (see Chapter 10).

20 For the HICP this has initially been the year 1996, where the annual weights of 1996 have not
been price-updated to December of that year. Strictly speaking, the HICP started with the index
for January 1997, where 1996 weights were price-updated from the annual average to December.
21 Article 2 (15) of the Framework Regulation specifies that ‘index reference period’ means the
period for which the index is set to 100 index points.
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8.4.2 Loss of consistency in aggregation

The technique of chain-linking indices implies losing consistency in aggregation also at
higher levels. To see this, return to Equation (8.5) and recall that the set of elementary
aggregates?2 N, now without loss of generality assumed to be constant over time, is
divided into mutually disjoint subsets Ny, (h = 1, ..., H). Then, as was explained above,
the consistency in aggregation of the short-term Laspeyres-type index (now at higher
levels) implies that

H
POt,mt — Z P}?tlmt . W}?t’t_l_ (8.18)
h=1

This holds for any monthm =1,...,12, any yeartand any subset of elementary
aggregates.

Once chain-linked, however, there does not exist such a relation; that is, there does not
exist a set of weights (adding up to unity) such that

H
cpbmt = z CPY™  wy (8.19)
h=1
where CP"™ is the chain-linked index for subset h = 1, ..., H. Even should the weights

be constant over the entire time span this would not imply consistency in aggregation of
the chain-linked index, because then the chain-linked index still does not reduce to a
direct Laspeyres-type index.23

22 See Section 8.3.2 for the change in notation as regards the elementary aggregates.

23 This is due to the failure of the transitivity in prices for fixed weights test, a (weak) variant of
the circularity test, where the weights are held constant while making all price comparison. The
argument found in the literature that the Lowe index is (strongly) transitive would hold true only
if the weights, starting from some out-of-date base period, were derived by continual price-
updating rather than being genuinely newly observed every year. The only index satisfying the
circularity test is a weighted geometric mean of all the individual price ratios, the weights being

11



8.4.3 Aggregation of chain-linked sub-indices

Aggregation is a hierarchical process, i.e. elementary aggregates are first aggregated to
elementary product groups, which are then aggregated to ECOICOP 5-digit sub-class
indices, which are in turn aggregated to ECOICOP 4-digit class indices, etc. For maximum
precision, aggregation should be performed on unrounded indices.

It is important to note that only unchained indices should be aggregated. This applies to
all levels of index aggregation. Once chain-linked, index number series are no longer
consistent in aggregation.

As noted above, the HICP is calculated as a series of 13 month (December to December)
aggregate index numbers where the December of each year is chosen as the linking
month. These index numbers are chain-linked by multiplying the chain-linked index for
December of the previous year series by the index number for every month of the short-
term series (divided by 100). The chain-linked index number for month m of year t is
calculated as in the second part of Equation (8.17):

CPb,mt — CPb:]-Z(t_l) . POt'mt_ [8.20)

For the HICP, chain-linking is required each year, and December is the linking month.

From time to time, it may be necessary to produce bespoke aggregates which are often
requested by users. To achieve this index compilers must use unchained indices. To
obtain unchained index numbers from their chain-linked counterparts, one must divide
the chain-linked index number of each month of each year by the chain-linked
December index of the previous year (and multiply by 100). The unchained index for
month m of year t is calculated by solving Equation (8.20) for the short-term series:

CPb,mt

otmt _
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In order to produce bespoke aggregates from published chain-linked index numbers, the
first step is always to unchain the relevant components; the starting point is unchained
index number series. Starting from this point the unchained aggregate index numbers are
aggregated together using their relevant weights to produce unchained index number
series for the new bespoke aggregate. These index numbers are then chain-linked.

8.4.4 Re-referencing

Every ten years, it is required to re-reference, or rescale, the HICP to a more recent
index reference period.2¢ This can be achieved by rescaling the chain-linked index
(8.17); that is, dividing by the arithmetic mean of the index numbers for the months of
the index reference year. Thus, the chain-linked index for month m of year t relative to
the current index reference period 201525 is defined by

constant through time. After all, the whole point of chain-linking has been to enable the weights
to be continually updated to take account of the changing consumption patterns.

24 Article 5 (6) of the Framework Regulation. This article also requires rescaling in the case of a
major methodological change.

25 Article 5 (5) of the Framework Regulation.
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It is instructive to see what happens in the months of the index reference year. It turns
out that
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where Po(2015),2015 is the arithmetic mean of the short-term index in this period. Thus,

in this situation, the chain-linked index is again a Laspeyres-type index, where the price
reference period and index reference period coincide, i.e. the price-updated weights are:

0(2015),2015

0(2015)2014 b
Ww20152014 _  /0(2015) !

i i P0(2015),2015' (8.4a)

Apart from rounding errors, re-referencing of a series of index numbers has no impact
on monthly or annual rates of change.

8.5 Rates of change

8.5.1 Monthly rate

The rate of price change between monthm — 1 and monthm (m =1, ...,12), both of
year t, is calculated as the relative change of the chain-linked Laspeyres-type indices,
and usually presented as a percentage; that is, times 100%:

C Pb,mt POt,mt

cpbm-Dt - 1= pot,(m-1)t -1 (8.24)

Recall that month 0 of year t is the same as month 12 of year t — 1. Also, the
computations are dependent on the short-term indices, rather than the chain-linked
index.

Using Equation (8.2), Equation (8.24) can be rewritten as
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ot,(m-1)t N (potmt ot,(m-1)t\  ott-1
potmt potmt _ p (m-1) Z ( - P w;

potm=1)t -1= pot(m=1)t pot(m=1)t
Otmt POt,(m—l)t
oote-1 5
( ot,(m-1)t 1) (Wi POt,(m—l)t) (8.25)

(P(m—l)t,mt _ 1) _Wi(m—l)t,t—l — P(m—l)t,mt -1

'MZFMZ

1l
Ju

i )

i

where pm-DEME again a Laspeyres-type index, but now with month m — 1 as price
reference period; that is, the weights are price-updated to month m — 1 of year ¢:

) ) POt,(m—l)t
~Dtt-1 _ _ ott-1 1i
;" =W 'PLOt,(m—1)t' (8.4b)

The contribution of sub-index N, for example, to the overall monthly price change is

Agvm—l)t,mt _ (PA(]m—l)t,mt . 1) _Wlsm—1)t,t—1

ot,mt ot,(m-1)t
_ PN 5 -1 WOtt 1 PN y (8'253)
- POt,(m—l)t N POt,(m—l)t ’

N

i.e. rate of change times price-updated weight.26 The contribution of a higher aggregate
is the sum of contributions of constituent sub-indices.

8.5.2 Annual rate

Very much like the monthly rate, the annual rate of price change between month m of
year t and the same month of year t — 1 is calculated as the relative change of the chain-
linked Laspeyres-type indices. The result when the chain-linked index for month m of
year t is divided by the chain-linked index for month m of yeart — 1is a chain-linked
index consisting of two parts:

1. aratio of two Laspeyres-type indices for December of year t — 1 and month m of
year t — 1, respectively, both relative to December of year t — 2, multiplied by
2. a Laspeyres-type index for month m of year ¢ relative to December of year t — 1.

Thus,

cpbmt pot-1),12(t-1)

. potmt _ pm(t-1),12(t-1) | pot;mt (8.26)

bm(t—-1) _ ,0(t-1),m(t-1)

CcP P
The right-hand side of Equation (8.26) shows that the ratio of two Laspeyres-type
indices can be written as a Laspeyres-type index for December of year t — 1 relative to
month m of the same year with price-updated weights:

26 It should be noted that the contribution in January becomes just (P,\(,)t‘” 1) 0” ! which
means that neither the short-term index is rescaled nor the weight price-updated.
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0(t—1),m(t-1)
m(t-1),t-2 _ | 0(t=1),t-2 PL

L Wi PO(t—l),m(t—l) (8.4c)

Since Equation (8.26) is a chain-linked index, the rate of change between corresponding
months m of adjacent years t — 1 and t cannot be written as a weighted mean of sub-
indices. It is, therefore, not possible to express the contribution of a sub-index to the
overall annual price change as a simple formula.

This is because chain-linked time series for the HICP may contain statistically-related
breaks from one year to another.2” To see this, resort to the basket interpretation of the
Laspeyres index in Equation (8.1) and rewrite Equation (8.26) as follows:28

t— t— t
pr(t-D2(t-1)  potme _ Zitap Vit S pltaf ATOT
L L m(t—l) t—2 N ot, t—1 m(t—1),mt
Zl 1P; q; Zl 1Pi 4 Py 8.27
Z pmt.qt=1 (Z 1pm(t 1) Z pm(t 1) ) ( . )
i=1Pi "4 i=1Pj i=1D;
N t, t N t, t
Z{\lem(t 1)‘1 N 1p? a; 1 Zl 1p? q; 2

The first factor of the second part of Equation (8.27) measures pure price change. The
second factor in brackets is a technical distortion that will generally differ from unity.
More specifically, the less the price structure in month m of the previous year deviates
from that of December of the same year and the smaller the relative quantity change
from year to year, the smaller such breaks arising from the change of the weight basis
are.

Using the theorem of v. Bortkiewicz, one arrives at the following expression for the
annual rate of a fixed basket in an annually chain-linked Laspeyres index:2°

m(t 1) t \
C ai
Pm(t—l),lZ(t—l) . POt,mt __ pm(t-1),mt . | OV[ lt ]

E t:

Thus, the technical distortion vanishes if and only if there is no (weighted) correlation
between the price change from December of the previous year to month m of year t — 1
and quantity changes from year t — 2 to year t — 1.30 It is very unlikely that this criterion
holds in reality. Worst of all, not even the sign is determined a priori.

(8.27a)

The measure of inflation that is given prominence is the annual rate in the HICP. When
the change in this rate between two consecutive months, i.e.

27 See Section 8.4.2 for why this holds true even should the weights be constant over the entire
time span (reference to the failure of the transitivity in prices for fixed weights test).

28 The extension of this decomposition to the Young and Lowe indices is straightforward using
the expressions involving quantities.

29 In principle, this distortion of the annual rate could be avoided by chain-linking over the same
month of the previous year (which would then also be the price reference period) rather than
December throughout. However, the results from this so-called over-the-year technique would
allow only for the meaningful interpretation of annual rates, while the infra-annual pattern of the
chain-linked series could be spurious and distorted. Due to the disturbing time series properties,
the over-the-year technique should be avoided.

30 Of course, should all prices or quantities change at the same rate, the variance and also the
covariance would be zero.
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bmt b,(m-1)t
mt _ _(m-1)t _ cpo™ —-1)-= —CP i -1 8.28
T T - CPb,m(t—l) CPb,(m—l)(t—l) ’ (8.28)

is described, “base effects”3! are often mentioned. In a purely technical sense, the
contribution of the monthly rate between month m — 1 and month m, both of year t — 1,
to the change in the annual rate could be referred to as a base, or denominator, effect.

To see this, approximate Equation (8.28) by:

cpbme cpbmt=1)
mt _ _(m-1t _ L\ (e
" " - (CPb'(m_l)t 1 Cpb,(m—l)(t—l) 1}, (8.28a)

where the approximation 7™ ~ In CPP™t — In cpPmED (and similarly with rc(m_l)t)
is used.32

Thus, the difference between the annual rates in two subsequent months is
approximately the same as the difference between the monthly rate in the current
month and the monthly rate one year earlier. This illustrates the fact that the change in
the annual rate from one month to the next reflects both recent price changes and price
movements twelve months earlier. For example, if the index declines in the period from
November to December of year t — 1, this will increase the change in the annual rate
between November to December of year ¢.33

8.5.3 Contributions to the annual rate

In general, the concept of contributions per se is no longer well defined in chain-linked
indices and different approaches give different results with different properties. Two
competing lines will be presented here: one that assures additivity (“Ribe
contributions”) and one that has a meaningful interpretation (“statistical
contributions”).

As one of many possible conventions circumventing the problems associated with the
abovementioned statistical break, Ribe (1999, mimeo) showed how the rate of change of
a chain-linked index can be decomposed into the sum of the contributions of the sub-
indices covered by the higher aggregate.

The annual rate can be decomposed additively into a “this-year term” (TYT) and a “last-
year term” (LYT), according to3+

Pm(t—l),lz(t—l) . potmt _ 4 _ [Pm(t—l),lz(t—l) . (POt,mt _ 1)]

n [(Pm(t—l),lz(t—l) _ 1)] (8.29)

— TYTm(t—l),mt + LYTm(t—l),mt

31 See Monthly Bulletin, ECB, January 2005.

32 Since the total HICP base effect is the monthly rate one year earlier, the contribution of a sub-
index to the total HICP base effect is its contribution to the previous year monthly rate.

33 However, the monthly rate and, hence, the base effect, are affected by seasonally fluctuating
prices, which is not desirable from an economic perspective.

34 Note that the short-term indices are rescaled, see the third part of Equation (8.26), and the
weights are price-updated, see Equation (8.4c).
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where the first bracketed term is the this-year term from December of year t — 1 to
month m of year t, adjusted “to take account of the differences in the overall price levels
involved in the comparisons”, and the second one is the last-year term from month m of
year t — 1 to December of the same year.

Again, the interesting point is to decompose the overall annual price change into
components by sub-indices. The this-year term and the last-year term can now each be
decomposed, analogously to the monthly contribution for sub-index N, according to

TYTrl\r]l(t—l),mt _ Pm(t—l),lz(t—l) ] (PA(])t,mt _ 1) _Wlst,t—1;

LYTArIn(t—1),mt _ (Pl\rln(t—l),lz(t—l) _ 1) 'Wl?(t_l)'t_z. (8.29a)

It should be noted that the factor P~V 12E=D j, Ty pertains to the overall index. It is

worth mentioning that this choice is arbitrary, since the factor is also part of the price
change to be decomposed (see LYT). Had P°“™ peen held constant in LYT instead,

which is equally justified, the resulting contributions would be different, though still
additive.

The special case of December (m = 12) gives
TYTArln(t—l),mt — (PI\(])t,12t _ 1) . ngt,t—l; LYTArln(t—l),mt -0 (8.29b)

In order to ascertain the importance of a sub-index for price dynamics, a statistical
contribution is a mechanical measure showing the difference between the actual annual
rate and that which one would obtain if, under otherwise equal conditions, this sub-
index had remained constant vis-a-vis the comparison period. Unlike the Ribe
contributions, thus, these contributions have a meaningful interpretation. For example,
the statistical contribution of sub-index N is

Arl\r;(t—l),mt — Pm(t—l),lz(t—l) . POt,mt

_ (Pm(t—l),lz(t—l) _ (Pl\r]n(t—l),lz(t—l) _ 1) . WX]n(t—l),t—Z)

L (pOtME _ (pOtmt _ 4., 0tt-1
m(E—l) 12(t—1)( p otmt oy ortL (8.30)
=P ' (BT 1)y

4 potmt ., (Pl\r]n(t—l),lz(t—l) _ 1) . WX]n(t—l),t—Z

_(PI\(])t,mt _ 1) . (Pl\rln(t—l),lz(t—l) . 1) . ngt,t—l . W;]n(t—l),t—z.

The expression has three terms. The first two terms relate to the price change of the
sub-index before and after the chain-linking in December, the third term refers to the
whole 12-month period. The latter term will normally be dominated by the former two
terms because the weight part is approximately square. Owing to the statistical break
from one year to another, the sum of the statistical contributions of the sub-indices for
this period is not necessarily equal to the annual rate.35

The special case of December (m = 12) gives

35 To reiterate, the additivity of the Ribe contributions is imposed and the contributions are
derived accordingly. The difference of the statistical contributions presented here to the Ribe
contributions is:

(P;,”(t_l)‘lz(t_l) - 1) -w;,”(t_l)’t_z . ((POt‘mt - 1) - (P,f,)t’mt - 1) . w,?,t’t_l), which is expected to be
close to zero.
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Ar]\r]l(t—l),mt _ (PA(])t,lzt _ 1) 'va’t't_l' (8.30a)

which is again additive.

8.5.4 Annual average rate

Aggregation of the Laspeyres-type index from months to the year is performed by
means of arithmetic averaging the twelve months of yeartas the weights remain
constant within a calendar year:36

12

m=1

12 12
cpPt =N cppmt = cpraae. (ﬁ D P“'mt) = pb12(=D . pout (g3

m=1

The annual average rate is obtained by dividing the arithmetic mean of the chain-linked
indices for year t by a mean of the same indices for year t — 1; that is,

cpht pO(t-1),12(t-1)

_ ot,t _ pt—1,12(t-1) . pott
CpPt1 T T poG-Di-1 PSP P (8.31a)

Very much like the annual rate, the result is a chain-linked index consisting of two parts:

1. aratio of two Laspeyres-type indices for December of year ¢ — 1 and the entire
previous year, respectively, both relative to December of year t — 2, multiplied
by

2. a Laspeyres-type index for the entire year t relative to December of year t — 1.

The first part can be written as a Laspeyres-type index for December of yeart —1

relative to the entire previous year. The corresponding price-updated weights are
obtained as follows:

0(t—1),t-2 pl-Di-t
il -nt-2 5
Wi = Wi pOE-Dt-1 (8.4d)

It is straightforward to see that the relative importance of a price change for the annual
average rate also depends on the month in which it occurs. A permanent upward shock
to the price level, say, in January has a twelvefold impact than the same shock in
December. A first-order Taylor series approximation of Equation (8.31a) around

PV =1 (r = 2(t - 1), ...,12t) yields:

1 12 ot,mt
EZmzl p

pOt=1),12(t-1) | 1
izn PO(t—l),m(t—l)
12 m=1
1 je-120-1) , 2 ,20-1)30-1) 11 11¢e-1)12¢6-1) (8.31b)
~ —plED2ED | 2 p2(t-3E-) Ly T p :
12 12 12
12 11 2 1
4 2lpotit | ZZpltat 4 “ plogiit | T plisiac
12 12 12 12

36 Should the 12-month average not correspond to a calendar year, nothing can be said about its
properties.
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Appendix: Numerical example

The Microsoft Excel file contains three groups of tabs. In the blue tabs (Index, and Item
weights) the data referring to the changing composition of the euro area are presented
as published by Eurostat on 22 February 2017. The indices and item weights are both
rounded to two decimals, which will affect the calculation results. They are, nonetheless,
exact except for rounding differences. The grey tabs (Aggregation, Non-consistency, Re-
referencing (1) and (2), and Disaggregation (1) and (2)) contain the examples connected
to Section 8.4, while the yellow tabs (Monthly rate, Annual rate, Base effect, and Annual
average rate) contain those connected to Section 8.5.

Aggregation

The five special aggregates - processed food, unprocessed food, non-energy industrial
goods, energy, and services — are aggregated to the total HICP. The procedure involves
three steps:

1. Unchain the chain-linked indices to obtain the short-term series using Equation
(8.21).

2. Aggregate the unchained sub-indices to the total short-term index using the item
weights provided and Equation (8.18).

3. Chain-link the short-term series together into a single long-term series using
December as the linking month and Equation (8.20).

Non-consistency

Here it is shown that aggregating the chain-linked indices directly using Equation (8.19),
rather than their unchained counterparts, does not give consistency in aggregation. The
zero check is different from zero not only because of rounding but particularly because
of the failure of the circularity test of the Laspeyres-type index.

Re-referencing

Re-referencing of the index with reference period 2005=100 to an index with reference
period 2015=100 is nothing more but the Rule of Three using Equation (8.22) as shown
on the first tab. The second tab derives the chain-linked index in the new index
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reference period from rescaled short-term indices and price-updated weights using
Equations (8.23) and (8.4a).

Disaggregation

From the total HICP an exclusion measure without food and energy is derived. The
procedure is the same as for the aggregation with the difference that now sub-indices
are deducted from the total on the first tab rather than these are added to form the total.
On the second tab the same calculation but now aggregating the constituent sub-indices
is performed.

Monthly rate

The monthly rate has been defined in Equation (8.24). The calculation of contributions,
here for the sub-index “energy”, involves the short-term indices, which is why the chain-
linked indices are first unchained using again Equation (8.21). As shown in Equation
(8.25) and (8.4b) the indices need to be rescaled and the item weights price-updated,
respectively. On this basis the contribution of energy to the monthly rate of the total
HICP is derived using Equation (8.25a). In December 2016, for example, the
contribution of energy to the monthly rate of the total HICP of 0.5% was 0.2 percentage
point.

Annual rate

The calculation for the annual rate is repeated analogously to the monthly rate using
Equation (8.26). Again, the contributions involve the short-term indices and after
unchaining the chain-linked indices using Equation (8.21), the thus derived indices are
rescaled using Equation (8.29) and the item weights price-updated using Equation
(8.4c). The Ribe contribution of energy to the annual rate of the total HICP follows from
Equation (8.29a) as the sum of the “this-year term” and the “last-year term”. The
statistical contribution, on the other hand, involves three terms as given in Equation
(8.30). In December 2016, for example, the contribution of energy to the annual rate of
the total HICP of 1.1% was 0.2 percentage point. As it was to be expected, the two
contributions are virtually identical.

Base effect

The base, or denominator, effect to the change of the annual inflation rate in the HICP,
Equation (8.28), is the monthly rate observed one year earlier, the subtrahend of
Equation (8.28a). In December 2016, for example, the month-on-month change of the
annual rate of energy was 3.6 percentage points; approximately half of these 3.6
percentage points were due to the monthly rate of -1.8% in December 2015. Since the
base effects use information from twelve months ago, the monthly rates of the year
2016 will be the base effects for the year 2017; that is the base effect for energy in
January 2017 will be 2.7 percentage points upwards (which will also translate into the
total HICP base effect with 0.3 percentage point upward contribution in January 2017).37

37 See Economic Bulletin, Issue 1, ECB, 2017 (energy prices are assumed to show no seasonal
influences).

20



Annual average rate
The annual average index is calculated using Equation (8.31) and the annual average

rate using Equation (8.31a). The approximation of the average annual rate involving the
monthly rates uses Equation (8.31b).
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