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ON THE FIRST STEP IN THE CALCULATION
OF A CONSUMER PRICE INDEX

Bert M. Balk™’

Statistics Netherlands, Voorburg

1. Introduction

Most official Consumer Price Indices (CPI’s) are, at least in the short
run, defined as fixed weight indices. Usually for the estimation the
weighted-average-of-price-relatives form is used. As a matter of fact the
weights are only available down to a certain level of commodity
aggregation. Below that level there may be available some rough
stratification, but as Szulc (1987) remarks "there is always the first
step, when a price index for a certain commodity is directly derived from
the sample price data." These indices are called micro-indices. Extensive
discussion about the proper method for calculating these micro-indices can
be found in Carruthers, Sellwood and Ward (1%980), Morgan (1981), Szulc
(1987), Turvey (1989, pp. 87-92), Dalén (1992), Sabag and Finkel (1994),
Silver (1994) and Diewert (1995).

Typically, the discussion centers around the following issues:
* Should a ratio of average prices or an average of price relatives be

used?

* Which type of average (arithmetic, geometric, harmonic, etc.) should be

used?

*) The views expressed in this paper are those of the author and do not necessarily reflect the policies
of Statistics Netherlands. The initial writing was stimulated by discussions with J8rgen Dalén. The
first version has been presented at the Joint ECE/ILO Meeting on Consumer Price Indices, Geneva, 18-21
November 1991. The second version was submitted to the Journal of Official Statistics and obtained a
number of very instructive comments. Alsc the discussions in the Eurostat Harmonisation of CPI Task

Force 111 were helpful.
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One has compared the various formulas with the help of Bortkiewicz-type
relationships, (super)population models, or heo-Fisherian axiomatic (or
test) theory, but an unanimous conclusion has not emerged. Also the
Fourteenth International Conference of Labour Statisticians 1987
recommendation that "In the calculation of elementary aggregate indices,
consideration should be given to the possible use of geometric means."
seems to have had no impact. The official practices show considerable
differences.

Recently the topic has gained in importance. This has to do with the
European project of developing harmonized CPI's which can be used within
the framework of a communitarian monetary policy. As first fruit of this
project we now have more insight into the numerical consequences of
choosing this or that formula for the first step (see Dalén 1994). Also
Schultz (1994) provides evidence that the formula question is no minor
issue. ‘

Sellwood (1994) considered the reasons why it has proved so difficult to
resolve the problem of which micro-index formula to use in compiling a CPI.
He suggests "that there is a lack of an agreed point of reference on what
is to be measured."

The present paper tries to add to the discussion by carefully specifying
the object of estimation. In my view a CPI can best be considered as a
group price index, that is a price index which is an average of household-
specific price indices. This implies that the form of the household-
specific indices determines the form of the CPI. As will be shown, this has
certain consequences for the form of the price indices at the lowest level
of commodity aggregation. In the majority of cases, however, the available
information is not sufficient to calculate these indices. They have to be
approximated. Various assumptions and/or sampling considerations come into
play and give rise to various micro-index formulas. It seems that the
search for a micro-index formula which can be applied universally is
misdirected. As a by-product we obtain the conclusion that it is hard to

justify formally the use of a geometric mean.

2. The Laspeyres CPI and its estimation

We start with some definitions. Let the scope of the CPI be given by the
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commodity groups A,, k=1,...,K. Each commodity group consists of a finite,
in principle (although generally not in practice) known, number of
commodities; g € A, means that commodity g belongs to group A, . Before
proceeding, we have to make clear what we understand by the expression
'commodity’ .

One frequently distinguishes between 'homogeneous’ and "heterogeneous’
commodities. This distinction however overlooks the fact that the
fundamental primitive economic concept is that of the individual
transaction.!) No two transactions, even if they are concerned with the
same physically specified good or service, are the same. However, for
intertemporal comparability some aggregation of these individual
transactions is necessary.

It is important to emphasize that these aggregates are not in any way
‘naturally’ given. They depend on the availability of basic data but also
on our knowledge of the distinctions that matter. The set of all
transactions involving a specific good or service can be large or small,
more or less homogeneous, depending on its description For-example, the
commodity ’‘man’s haircut’ gives a large set of transactions, 'man’s haircut
at Harry's barber saloon’ (where Harry's saloon has a specific location)
gives a small set, and 'men’'s haircut at Harry's barber saloon without
waiting time’' gives an even smaller set. Whether we use one of these
descriptions depends on what we consider to be the economically relevant
features of a set of transactions. Ultimately, this depends on whereof, in
our perception, the average household derives its utility.

Let Bg denote the set of outlets (or other selling places) in which
commodity g can be bought. Each B, is finite and its members are assumed to
be known, at least in principle; b € B, means that commodity g can be
bought in outlet b. In general a certain outlet belongs to more than one
B, . Some sets B, contain only one element. Thus in these cases there is
only one outlet selling commodity g, e.g. a 'man's haircut at Harry's
barber saloon’ can only be obtained at Harry's barber saloon. Initially, we

assume that A, (k=1,...,K) and Bs (gehy; k=1,...,K) are fixed during time.

Consider firstly an individual household. Its base period expenditures are

1) This point should be familiar from economic theory. It was stressed recently by Triplett (1990) and

Winkler (1993).
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(L) zizgeAkZ%eBngbhxgbh’

where x0,, is the quantity of commodity g bought at outlet b by household
h during period 0 (the base period) and pgbh is the corresponding unit
value.2) The set (xgbh; all k, all gea,, all beBg} constitutes the base
period consumption pattern of household h and is a reflection of household
h's base period standard of living.

Notice that most of the quantities ngh are zero, because (i) for most
Ay an individual household does not buy all commodities g € A, but only a
limited number of them, (ii) for these commodities the household does not
buy in all possible outlets, but only in a limited number of them,
generally lying within the neighborhood of the household’s domicile.
Although in practice the xgbh are not available they could be observed if
we wished. We assume that Pgrn = P;p for all h and all periods s
considered. Thus the unit values are the same for all households.

The Laspeyres price index for household h is then

Z&deAkzieBgPbegbh

0 40
EgeAkzieBngbxgbh

(2) Bt =

This is the ratio of the base period consumption pattern valued at
comparison period t prices and at base period 0 prices, and is an

approximation of the cost-of-living index with the base period standard of

living as reference.3)

The price index for the group of households H is defined as the so-called
plutocratic average of the individual household indexes P, i.e. the
weighted average where the base period expenditures (1) serve as weights.

Defining %%, = %0, ., we obtain
g Xgyp €H%gbh

2) As Diewert (1995) demonstrates, this is the appropriate concept to be used at the lowest level of

aggregation. See also Balk (1995).

3) The Laspeyres index is chosen because of its linear aggregation properties.
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2 e eaxZoeng PrnXan

'ZkzgeAkzbenggbxgb

(3) Bt =

This can also be interpreted as the Laspeyres price index for the average
household of the group H. Expression (3) is the object of the estimation.
The group price index (3) can be written as a weighted average of

commodity group price indices,

(4) Pt =) wlPt
k

where

(5) Pt = deAkZbengpgbxgb/zgeAkz%eBngbxgb (k=1,...,K),

is a commodity group price index and

(6) Wi = ZycaxBhengPanXen/ S ZgeanZrengPanXyn (k=1,...,K)

is the aggregate (over all households belonging to H) base period
expenditure share of commodity group A, . We assume that the weights w{
(k=1,...,K) can be estimated from a household expenditure survey, and that
the commodity groups A,,...,A; constitute the lowest level for which the
weights can be found. The remaining problem now is the estimation of the
commodity group price indexes Pf. v A

For most commodity groups this involves sampling, both of specific
commodities and of outlets. Several sampling designs are possible. We
consider a two-stage procedure: in the first stage a fixed sample (panel)
of commodities is taken (the set of so-called representative commodities)
and in the second stage for each of the sampled commodities a sample of
outlets is taken. Let Ax denote the sample*’ drawn from A, (k=1,...,K).

The first stage yields

t - t 0 -~ 0 0
(7) B = 2 cixZvenePinXep/ZgeixToens PavXgh

4) Ideally this should be a simple random sample. In practice it is usually a judicious sample.
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as the estimator of Pf. Expression (7) can again be written as a weighted

average
(8) Bt = deﬁkygpzr

where

(9) P} = % cp,Ptux0n/BpengPlnXly

for gez“k.k (k=1,...,K) is a commodity price index, and

(10) wg = ZyepgPonXgn/ZgcirThens PonXds

for geAk. Expression (10) gives the base period expenditure share of the
sampled commodity g with respect to the entire sample. Usually for the
weights yg (geAk) rough estimates are available, for instance from
turnover statisties or market information. In the absence of any
information one frequently replaces the yg by l/n(Ak), where n(Ak) is
the size of the sample Ak.

In the second stage we must estimate the commodity price indices P,
which are again Laspeyres price indices. Recall that xJ, denotes the total
quantity of commodity g sold by outlet b to the group of households ﬁ in
the base period and that pgb denotes the corresponding unit value; Pip is
the comparison period unit value of commodity g in outlet b.

It is important to notice that if B, contains only one element, Pt
simplifies to the relative Pin/Pgp» Where b is the only outlet in which g
can be bought. In the next section we consider the case where the size of

B, is larger than 1.

3. The estimation of a commodity price index
The estimation of (9) usually proceeds with help of a stratification of

the set of outlets B, e.g. according to region, type and/or size-class,

that is a decomposition

(11) B, = U,I,B,, , B nB,,. = @ (ixi')
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Based on this stratification we can decompose (9) as follows

0
N I ZhengiPenXip ZhengiPenXpn L
(12) Pj =} 0. 40 0 w0 2, Vg1 Pgs
1=l %y epePgnXgp ZyengiPenXgn i=1
with obvious definitions. The stratum weights ng (i=1,...,I) are the

relative base period sales. It is assumed that these weights can be
obtained from retail trade turnover statistics. They usually do not apply
to specific commodities but to broader commodity groups. The stratum price
indices Pgi (i=1,...,I) are the population analogs of Szulc'’s (1987)
micro-indices. They can be estimated in various ways, dependent on the
information available and the assumptions one is prepared to make.

Let Bgi be a simple random sample taken from B,; at period s

(s=0,t).5) Then Py, can be estimated approximately unbiased by

-t t 0 t
zbeBgipgbxgb/n(Bgi

(13)
Zbeﬁgipgbxgb/n(ﬁgi)

where n(BZi) denotes the sample size (s=0,t). This involves observing not
only base period and comparison period prices but also base period
quantities in the sampled outlets. Usually this is considered as laying
too heavy a burden on the respondents.

If we could assume that within each stratum B,; (i=1,...,I) the finite
population covariance between xg;, and P;p (s=0,t) is zero®), then Py;

becomes equal to

(14) zéengipgb/ziengipgb ’
which can be estimated approximately unbiased by

2%e§§iP§b/n(B§i>

(15)
Zieiginb/n(Bgi)

The numerator and the denominator of (15) are unbiased estimators of the

respective parts of (1l4). Expression (15) is a ratio of average prices.

5) Any other sampling design requires more information on Bsi than the addresses of the outlets.

6) A specific case is when xgb = xgb + for all b, b'eBsi .
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Alternatively, if we could assume that within each stratum the finite
population covariance between pl,xp; and pi,/pl, is zero’’, then Pty

becomes equal to

(16) EbeBgi(pgb/pgb)/n(Bgi) ’

where n(B,;) is the size of stratum B, . This is an average of price

relatives. It could be estimated unbiasedly by

(172) Se5Q; (P, /p0,)/n(BE,)

or by

(17b) B3ty (PEy/P0) /n(BE,)

In both cases, however, we can meet with difficulties. If b e Bgi but
bg B, we are not able to observe Pgp, and if b € B, but b ¢ B2,

we are in general not able to observe pl,.®’ This implies that in
estimating (16) we must restrict to the matched sample BY,MBt, . Thus

(16) can only be estimated by
(17¢) Zéeﬁginﬁéi(Pgb/PSb)/H(Bgi“B§i> ,

provided that Bginﬁgi » @. This is again an unbiased estimator of (16),
provided that BY,nBt, is a simple random sample from By .

In the course of time the size of the matched sample n(BY, NBE,
might tend to zero. This is especially the case if a roﬁating panel of

outlets is used. We can, however, also write PY, in the following form

i t 2 engiPruXon ]

(18) P, = 2
& T=1 2 cpg1Pin Xpp

This can be estimated by

7) A specific case is when Pogbxogb = Pogb ' xosb. for all b, b’ eBgi'
8) With respect to the class of estimators introduced by Valliant (1991) one must assume that when
outlet b is in the period t sample the ratio pt'sb/pogb can be observed. This is an unrealistic

assumption.
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(19) M Pyite7

where F;;llf is defined by. expression (17c) after replacing O by r-1 and
t by 7.

The estimators (15) and (17a,b,c) can also be justified on other grounds.
Suppose that the sample B;i (s=0,t) is selected with probabilities
proportional to base period quantities. That is, the selection probability
of outlet b € By, at period s is n(B§;)x],/Z,cp,;%%,. Then the design-
expectation of T35 P5/n(BS,) 1s ZycpyiPin®ln/Shepgi X0y . Thus
under this sampling design expression (15) is an approximately design-
unbiased estimator of P}, .

Alternatively, suppose that the sample B;i (s=0,t) is selected with
probabilities proportional to base period sales. That is, the selection
probability of outlet b € B,; at period s is n(B5,)pY,x0y /S cpes PRl -
Then the design-expectation of (17a) and (17b) is equal to Py, . If the
matched sample BY,NBY, can be considered as having been selected with
probabilities proportional to base period sales, then (17¢) is also a
design-unbiased estimator of P!, .

A third route is to assume that certain superpopulation models are true.
Suppose that the prices Pib (bEBgi) (s=0,t) are distributed with
expectation Ey(p;,) = u;;. Suppose further that the population B, aﬁd
the sample BZi are both large so that the expectation of a ratio is
approximately equal to the expectation of its numerator divided by the
expectation of its denominator. Then the model-expectation of the
difference between P}, and expression (15) is approximately zero.

On the other hand, if the price relatives pt,/pJ, (beB, ;) are
distributed with expectation Ey(pf,/Pgp) = Hg;,» then the model-
expectation of the difference between Pgi and expressions (l7a, b, or c)
is zero. The latter assumption is equivalent to assuming that B,; is
approximately an Hicksian aggregate.

It is difficult to judge the relative merits of the three approaches
discussed. The validity of the first and the third - the covariance
approach and the superpopulation approach respectively - depends critically
on population characteristics that are subject to empirical checking.®) In
“order to implement the second approach - the sample design approach - one
muét have extensive knowledge of the population quantities or values. In

all cases we need information that is hard to obtain in practice. Which of



- 140 -

these approaches should be chosen cannot be prescribed a priori. The choice
depends on the specific commodity considered and the information available.
This information does not need to be precise. Also vague knowledge can help
in determining which assumption is plausible. The appropriate estimator

then follows in the way discussed above.

4. Accounting for changing universes of commodities and outlets

Until now we assumed that the commodity groups A, and the sets of outlets
B, were fixed during time. As every statistician knows, this assumption is
patently untenable. Commodities appear and disappear, and the same holds
for outlets. We can model this by attaching a time variable to Ay and B, .
1t appears to be very difficult to incorporate the phenomenon of
changing universes of commodities and outlets into the individual household
price indices (2). We proceed therefore by directly modifying the group
Price index. The object of estimation then becomes instead of (4)-(6) the

following set of expressions:

(20) Pt = ) wlpt
k

where

1

=)

21) Bt =] € Pgear(r-1)Tbeng(r-1)Pgu¥en
( ) =12 Tolx?
geAk (1-1)ZbeRg (r-1)Pgb Xz

for k=1,...,K are the commodity group price indices and

0 0 0 ' 0 0
(22) wp = EgeAk(O)zieBg<o)Pgbxgb/iizgeAk(o)zbeBg(O)Pgbxgb

for k=1,...,K are the aggregate base period expenditure shares.l®) Notice
that (20) cannot be written as an average of household-specific price

indices. This is due to the multiplicative structure of (21).

9) For example, both covariance assumptions can not be true at the same time. If °°"”(P$gb 'xogb) = 0
(s=0,t) then also covar(pt‘ / o x° ) = 0, but covar(pt‘ / 0 po xo ) # 0 unless ‘
J gb/Pgb *gh ’ gb/PgbPgb*ghb

covar(ptfsb/posh ,posb) = 0. The letter condition is in general not satisfied.
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In the running computation process the problem is the estimation of the
7=t factor of (21). The structure of this factor, however, is the same as
that of expression (5). Thus we can retrace the steps from (7) with obvious

changes of notation.

5. Can geometric averages be justified?

The approaches discussed in section 3 lead basically to only two admissible
estimators for the outlet-stratum price indices Pgi, namely the ratio of
average prices (15) and the matched sample average of price relatives
(17c). Advocates of the use of geometric averages would estimate the

outlet-stratum price indices by respectively

1/n(B, 1/n(BY,

i)
(23) (ﬂbeﬁgipgb) /(ﬂbeﬁgipgb) )

oY

0 t

(24) ﬂbeﬁginﬁéi(PEb/Pgb)l/n(Bgi ot
Within the present context however I fail to see which kind of assumption
would justify the use of (23) or (24). In the remainder of this section I
will scetch two different approaches which lead to geometric averages of
price relatives. Both of these approaches require a modification of the
object of estimation. ‘

The first approach is in the spirit of the so-called axiomatic theory of
price indices. Returning to (12), P;i is replaced by a function of price
relatives only, m(...,pgb/pgb,...) where beB,, . It is assumed that the
function m:R¥, - R,, satisfies the following conditions:

(i) m is separable, that is m(z,,...,zy) = g(z,)*g(z,)*...*g(zy) where g is
a continuous nonconstant function and * is a continuous, associative and
cancellative operation;

(ii) m(z,...,2) = z;

(iii) m(rz,,...,rzg) = rm(z;,...,zy) (r>0);

10) It is assumed that, at least over a reasonable time span, it is not necessary to introduce or delete

commodity groups.
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(iv) m(l/zy,...,1/zy) = 1/m(z,,...,2y).
Then, using a theorem of Aczél (1987), it follows that

1/n(B,,)
(25) m(.. . P55 /Blu o) = Thengs (PEu/P0p) ~ 57,

which can be estimated by (24). Similar results are stated by Diewert
(1993), (1995) and Martini (1994).

The second approach is in the spirit of the so-called economic theory of
price indices. At the lowest level of aggregation, the outlet-stratum
level, substitution between outlets is allowed.ll) That is, the following

behavioral hypothesis is assumed to hold:
(26) ;bengipgbxgb =
min { TpepgiPgnXgn | Ugs (ovvrRgpoon.) =uldy ) =
Coi (v sPlpy v .5udy)
where U,; is a utility function with arguments Xgp (bEB;,;), C,; is the dual
expenditure (cost) function with arguments Pgb (beBgi) and u,;, and ugi is

the base period value of the utility function. Then in the object of

estimation Py; is replaced by the ratio of expenditure function values
(27) Gy (v yPgp v - - iu8y)/Chy (o yPly v suly).
It is well known that if U;; has the Cobb-Douglas form (unitary

elasticities of substitution) then (27) can be written as a weighted

geometric mean of price relatives

(28) exp { Zbengipgbxgb’n<P§b/P§b)/EbsngiP2bX2b ).

The weights are the base period within-outlet-stratum expenditure shares.
Now in order to justify (24) as an estimator of (28) we need a further

assumption, namely either

- that the finite population covariance between PepX0y and {n(pty,/ply)

11) This approach is related to Moulton (1993). See also Diewert (1995).
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is zerol?); or

- that the matched sample is drawn with probabilities proportional to
Pl X0y ; or '

- that the logarithmic price relatives ln(pgb/pgb) follow a certain
distribution.

The foregoing scetches make clear that the route to (24) is paved with
difficulties. In both approaches the object of estimation has to be
modified, thereby distorting the interpretation of the CPI as a genuine
group price index. Moreover, quite a number of additional assumptions

appears to be necessary.

6. Conclusion

We considered the estimation of a Laspeyres-type CPI for a group of
households. The discussion was directed to the index formula that should be
used at the first step of the calculation process. The outcome is that
there is no universally applicable formula, but that in every specific case
a choice must be made which takes into account the specific circumstances.
This position corresponds with the conclusion of Woolford (1994).

As a by-product we conclude that there seems to be no straightforward
justification for using a (ratio of) geometric average(s) of prices as a

first step.
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