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Basic notations and considered multilateral indices

Multilateral index methods originate in comparisons of price levels across
countries or regions. Commonly known methods include the GEKS
method (Gini, 1931; Eltet6 and Koves, 1964), the Geary-Khamis method
(Geary, 1958; Khamis, 1972) - see also (Chessa, 2016; Chessa et al.,
2017), the CCDI method (Caves et al., 1982) or the Time Product
Dummy Methods (de Haan and Krsinich, 2018). Before we present the
proposed multilateral price indices let us denote sets of homogeneous
products belonging to the same product group in months 0 and t by Gy
and G; respectively, and let Gg; denote a set of matched products in both
moments O and t. Although, in general, the item universe may be very
dynamic in the scanner data case, we assume that there exits at least one
product being available during the whole time interval [0, T]. Let p] and
q] denote the price and quantity of the i-th product at time 7 and

No,: = card Go ¢.
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The SPQ method

The idea of the SPQ multilateral price index is based on the relative price
and quantity dissimilarity measure Agpg (Diewert, 2020). The price
dissimilarity measure is used to link together the bilateral Fisher indices
according to the following algorithm:

(1) set Pg;gQ =1 for the period 0 (base month) and calculate

Pg;,lQ = Pr(p°, pt, g% q') for the period 1;

(2) For the period 2 define PgﬁQ = Pe(p°, p?, ¢°, q2)Pg;gQ if
min{Aspq(p°, p?, ¢°, qz),Aspggpl,pz, qt,q?)} is equal

Aspg(p®, p?, 4%, ¢?) or take Pspo = Pe(pt, p?, q*, q2)P5:DQ otherwise;
(3) Continue this procedure in the same manner, i.e. for the period t, let
r* be such a period that

min {Aspo(p”, pt,q", qt), r =1,2,....t — 1} = Aspe(p” , pt,q" , qt). For

the considered period define Pg;pto = Pe(p™, pt,q", qt)Pg;;*Q.
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Criteria in the multilateral index method selecting

Axiomatic approach
Economic approach
Stochastic approach

New variant of the stochastic approach (Biatek and Bobel, 2019;
Biatek and Beresewicz, 2021)

Time-consuming approach (Biatek and Beresewicz, 2021)
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Axioms for multilateral index methods

Let P and @ denote all prices and quantities observed in the time interval [0, T], i.e. P = [p% p,....,p"], @ = [¢°, q*. ..., q"], where pt and q* mean
the vector of prices and the vector of quantities of products sold at time t, respectively. Let us denote by P%(P, Q) the considered multilateral price
index defined for the entire time window [0, T]. The list of potential tests for that index is as follows:

Transitivity

The transitivity means that POt(P, Q) = P%5(P, Q)P**(P,Q) forany 0 <s <t < T.

Identity

This property means that the index equals identity if all prices revert back to their initial level, i.e. if it holds that pf = p{ for i € Go; then

POt(P, Q) = 1. We assume here that the item universe is the same at periods 0 and t.

Multi period identity test

This property means that if all prices and quantities revert back to their initial level, the chained index will equal the unity, i.e. if it holds that
pt=pP and gf = q? for i € Gy then we obtain P&Y(P, Q) x PY2(P, Q) x .... x PLt(P, Q) = 1. We assume here that the item universe is the
same at periods 0 and t.

Fixed basket test

If Go = G and @ = qf = q; for i € Gy, then P*(P, Q)

Upper bound test

If Gy C G; and pf < p? for all i € Gy, then POt(P,Q) < 1.

Lower bound test

If Gy C Gy and pf > p? for all i € G, then PO¢(P, Q) > 1.

Responsiveness test

For Go # Gy, if pf = p? for all i € Go,t, then PO(P, Q) cannot always equal one, regardless of sets: G \ G, and G, \ Go.

Continuity, positivity and normalization

POt(P, Q) is a positive and continuous function of prices and quantities, P%°(P, Q) = 1.

Price proportionality

If all prices are proportional in compared periods 0 and ¢, i.e. pf = kp? for all i € Go . and some positive k, then the price index depends only on this
proportion: P%t(P, Q) = k. We assume here that the item universe is the same at periods 0 and t.

Homogeneity in quantities

Rescaling the quantities in any s-th period does not influence on the price index, i.e. for any positive k it holds that

POt(P. 0 qt) = PO4(P. ¢, ... q". ... q").

Homogeneity in prices

Rescaling the prices in the current period changes the price index by the same proportion, i.e. for any positive k it holds that
POL(R%, pt, o kpt, Q) = kPYH(p°, Pt .. P, Q).

Commensurability

Changing the units in which prices and quantities are expressed does not change the price index. In other words, if for each time moment s € [0, T]
we have pf = Aipf and §¢ = % for all i € G, (\; > 0), then POI(P, Q) = PO*(P, Q).

_ ey, Plai
T Tieg Plai”
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Proposition of the general class of semi-GEKS indices

Let us consider the following (general) class of GEKS-type indices:
T 1
PTt\ T+1
07t E—
P&s_cexs = H (PT@) : (1)
=0

where P is the choosen bilateral price index formula (for s = 0, t). Our
proposal assumes that the formula P™°, which compares the current
period s with the base period 7, can be written in the following form:

P™* =fs, (q",p",pP°) (2)

where a function fg, (g7, p7, p°) takes into account products from the
Gr s set.
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Proposition of the general class of semi-GEKS indices

We have a list of minimal requirements for the function fs, .(q", p", p°):
R1) It must be a positive and continuous function of its arguments and
fe.(q7,p",p") = 1, R2) The proportionality in current prices and inverse
proportionality in base prices must hold (homogeneity of degree +1 in
current prices and homogeneity of degree -1 in base prices), i.e. we expect
that fg, (g7, mpT, kp®) = %fGTYS(qT,pT,pS); R3) The only possible
reaction to identical quantity changes is no reaction, i.e.

fe, .(kq",p",p°) = fs, (", p", p°); R4) For any diagonal matrix

L = diag(A1, X2, ..., An, ), it must hold that

fGT’s(L_qu, Lp",Lp*) = fg, (97, P, p°); RS) For two different data sets
G; s and G being subsets of G; s, where one is contained in the other
(e.g. G} C GJ%), we obtain, in general, two different function values, i.e.
fe: (a7, p",p°) # fe=<(q", p™, p°). Please note that conditions R1, R2,
R4 make the formula’fGTys(qT, p7, p°) satisfy all axioms from the system of
minimum requirements of price index by Martini (1992) (identity,
commensurability, linear homogeneity).

Jacek Biatek (Statistics Poland, University of The general class of multilateral indices and ir 8 /28



Proposition of the general class of semi-GEKS indices

The requirements R1-R5 are fundamental and they will be justified with
respect to good axiomatic properties of the multilateral GS — GEKS
method in the next part of the paper (see Theorem 1). We will also
consider the stronger version of the R5 condition (not obligatory), which
can be written as: R6) For two different data sets G ¢ and G such as
G;s C G5 C Gy s, we obtain fgx (97, p", p*) > fe:+(q™, p7, p°). Finally,
let us also take into consideration an additional reqﬁirement of
monotonicity: RT) If p; < p?* for any i—th product from G, then it
holds that fc_.(q",p",p°) < f6, (g7, p7, p**). As it will be shown (see
Theorem 1), the requirements R6 and R7 are crucial with respect to the
lower and upper bound tests.
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Proposition of the general class of semi-GEKS indices

Taking bilateral index formula (2) as an input in the GEKS body we obtain
the following form of the proposed general class of semi-GEKS indices:

T

PO,t —
GS—GEKS Tl;Io( fGT,o(qT’ pT, PO)

fe,.(a",p",p") L

)7, (3)

The following theorem can be proved:

Theorem

Under restrictions R1-R5 each GS-GEKS index satisfies the transitivity,
identity, multi period identity, responsiveness, continuity, positivity and
normalization, commensurability, price proportionality, homogeneity in
prices and homogeneity in quantitites tests. If the requirements R6 and R7
are additionally fulfilled, this index also satisfies the lower and upper bound
tests.

v
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Proposition based on the Laspeyres formula (GEKS-L)

Let us define the function fg_ (g7, p7, p°) as follows:

T 1S
Dic G, 9i Pi

fé‘TvS(qT,pT,ps): Z c q‘rpT’
i€Grs i Fi

where the "L" subscript refers to the Laspeyres (1871) formula.

(4) in formula GS-GEKS, we obtain

Z,eGT a7 pf
H( ot 2y,

GEKS L= See quf’

Z,GGTO q7 pT

Jacek Biatek (Statistics Poland, University of The general class of multilateral indices and i 11 /28

(4)

Putting



Please note that the GEKS-L index can be treated as the generalization
of the Fisher price index formula (Pg’t) to the multi-period case. In
fact, in a static item universe G observed over the two period time interval
[0, 1], we obtain

H( dicc i P, )$ - (ZIEG q?Pil y dicG qilpil)% _ pol
GEKS L — - N
Yiccarp? Yicc ) T Yiccaip?

(6)

since Gp = G1 = Gp,1 = G.
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Proposition based on the geometric Laspeyres formula

(GEKS-GL)

Let us define the function fg_ (g7, p7, p°) as follows:

T T p‘s 5 (1
& (a PP ) = T (o)) (7)
i€G,s Pi
where -
wi*(r) = =P (8)

T T
Zkecﬂs 4y Pk

and the "GL" subscript refers to the geometric Laspeyres formula (von der
Lippe, 2007). Putting (7) in the formula GS-GEKS, we obtain

T Tliee, (1))

071- IEGTJL pIT 1

PGEK57GL = H( R )T (9)
7=0 Hiecﬂg(ﬁ) !
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Please note that the GEKS-GL index can be treated as the generalization
of the Térnqvist (1936) price index formula (Pg-’t) to the multi-period
case. In fact, in a static item universe G observed over the two period
time interval [0, 1], we obtain

;l 7,1
HieG(,%T)Wi ™) 1

(TG

H
-
:
I
-

1
0,1 _
Peeks—cL = H(

0 7,0 0
=0 HieG(%)Wi () 7=0 ieG pi (10)
1 1 1
pi | wi0) pi | wil) pi | wi(0)+w;(1) 0,1
ST T =TI = et
icc Pi icc Pi icc Pi

since Go = G = Go1 = G, and consequently w”°(7) = w”' (1) = w;(7)
for any 7.
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The following theorem can be proved:

GEKS-L and GEKS-GL indices satisfy the transitivity, identity, multi
period identity, responsiveness, continuity, positivity and normalization,
commensurability, price proportionality, homogeneity in prices and
homogeneity in quantitites tests.
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Other possible particular cases

It may be interesting to consider the following normalized versions of the
GEKS-L and GEKS-GL indices:

T 1 ZIEGT,t af pf

Nre > qip] | _1
0,t o ’ i€Gr ¢ TP Fi L
PGeks—ne = | I(—T )7, (11)
2icc, o 97 P;
=0 1 7,0

N‘r,O Zie GT,O q,Tp,T

and t t
T 17 PEyw " (7)
P = T Wear{a)™ 70 (12)
GEKS—NGL LH (L?)W,-T’O(T) .
=0 NT,O ieGT,O P,T
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In analogy to the weighted GEKS index (Melser, 2018), it would be also
possible to consider the following weighted versions of the GEKS-L and
GEKS-GL indices:

ZIGGT t ql pl
IEGT t ql pl )

WGEKS L= H Sree o 9P i (13)

ZIGG,. 0 q/ p,

and ot
H,e(;ﬂ(p" )i ()

.
0,t Vr
Pweeks—cL = H( ——) (14)
7=0 H,eGTO(p’ )i ()

where the weights concerning the period 7 could be defined as follows:

T T
v, = ZIEGT q; P; ) (15)

=
> r—0 2icc, 97 PT
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Empirical study

@ Monthly scanner data:

Data from one retail chain in Poland on: long grain rice (subgroup of
COICOP 5 group: 011111 ), ground coffee (subgroup of COICOP 5
group: 012111 ), drinking yoghurt (subgroup of COICOP 5 group:
011441 ) and white sugar (subgroup of COICOP 5 group: 011811 ) sold
in over 210 outlets during the period from December 2019 to December
2020 (352705 records, which means 210 MB of data).

@ Data processing:

o Product classification in Pricelndices: data_selecting(),
data__classification();

e Product matching in Pricelndices: data_matching() based on the
Jaro-Winkler measure;

o Data filtering in Pricelndices: data_filtering() with implemented low
sales filter, extreme price filter, dump price filter;

@ Index calculations in Pricelndices: geksl(), geksgl(), geks(), gk().
tpd(), SPQ().
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Empirical study - results
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Figure: Comparison of selected multilateral indices for four homogeneous group
of food products
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Empirical study - results

Table: Mean absolute differences between considered price indices (long grain
rice) [p-p]

distances ‘ GEKS-L GEKS-GL GEKS GK TPD SPQ
GEKS-L 0.000 0.124 0.644 0.751 0.609 0.445
GEKS-GL | 0.124 0.000 0.605 0.713 0.571 0.457
GEKS 0.644 0.605 0.000 0.270 0.306 0.580
GK 0.751 0.713 0.270 0.000 0.143 0.707
TPD 0.609 0.571 0.306 0.143 0.000 0.617
SPQ 0.445 0.457 0.580 0.707 0.617 0.000

Table: Mean absolute differences between considered price indices (ground coffee)
[p-p]

distances ‘ GEKS-L GEKS-GL GEKS GK TPD SPQ
GEKS-L 0.000 0.262 1.189 2.227 2.006 1.634
GEKS-GL | 0.262 0.000 0.965 2.003 1.783 1.494
GEKS 1.189 0.965 0.000 1.203 0.984 0.773
GK 2.227 2.003 1.203 0.000 0.256 0.869
TPD 2.006 1.783 0.984 0.256 0.000 0.808
SPQ 1.634 1.494 0.773 0.869 0.808 0.000
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Empirical study - results

Table: Mean absolute differences between considered price indices (drinking
yoghurt) [p.p]

distances ‘ GEKS-L GEKS-GL GEKS GK TPD SPQ
GEKS-L 0.000 0.060 0.237 0.513 0.459 0.370
GEKS-GL | 0.060 0.000 0.215 0.480 0.437 0.360
GEKS 0.237 0.215 0.000 0.361 0.337 0.207
GK 0.513 0.480 0.361 0.000 0.082 0.483
TPD 0.459 0.437 0.337 0.082 0.000 0.437
SPQ 0.370 0.360 0.207 0.483 0.437 0.000

Table: Mean absolute differences between considered price indices (white sugar)
[p-p]

distances ‘ GEKS-L GEKS-GL GEKS GK TPD SPQ
GEKS-L 0.000 0.114 1.153 1.891 1.660 0.469
GEKS-GL | 0.114 0.000 1.087 1.820 1.592 0.361
GEKS 1.153 1.087 0.000 0.757 0.523 00914
GK 1.801 1.820 0.757 0.000 0.264 1.495
TPD 1.660 1.592 0.523 0.264 0.000 1.277
SPQ 0.469 0.361 0.914 1.495 1.277 0.000
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Empirical study - results
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Figure: Monthly fractions of products remaining on sale since Dec 2019
calculated for the studied four product groups
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Empirical study - results
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Figure: Monthly values of Pearson's correlation coefficient between prices and
quantities calculated for the studied four product groups
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Empirical study - results
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Figure: Monthly coefficients of variation of quantities calculated for the studied
four product groups
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Empirical study - results
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Conclusions

The proposed GEKS-L and GEKS-GL indices seem to be promising
because they:

@ meet almost all required tests (axioms), including the identity test

@ can be treated as generalizations of the Fisher and Tornqvist price
index respectively

@ need relatively short computing time.
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